
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



131 
CALCULUS. 

237. 'Prize Problem. Proposed by S. A. COREY, HIteman, Iowa. 

Find an expression for the remainder after n terms in the following 
development!" of f(a+x) : 

f(a+x)=f(a) + ^- 2 \f (a + x) +/' (a) +2[/' (a 4~|)+/ (a +%) 

+ iMl[^ (o + 8) "^ (o) ]--" + ( " 1) " m«f£)I [f™(a+x)-f™(a) ] 
+ ..., Bi, 5 2 , ... being Bernoulli's numbers. 

Solution by the PROPOSER. 

Taylor's development for/(a+a;) may be written, 

0=f(a)-f(a+x)+xf'(a)+^-f"(a)+£f"'(a)+... +£f™(a+O x x), (1) 

where 0<^i<l. 

If f(b— x) be similarly developed, and if 6 be made equal to (a+x) 
after differentiation, we get, 

0=f(a+x)-f(a)-xf (a + x)+^-f"(a+x) -jf/'"(a+*)+... 

+ (-l) n f M (a+0 2 x), (2) 

where O<0 2 <1. 

Adding (1) and (2), 

0= -x[f(a+x)-f (a) l+~[f"(a+x)+f" (a)]-... 



-^[f M (a + o*x)-fW(a+o,x)l, (3) 

(n odd) . 

Dividing (3) by x and letting z n =[f ( - n) (a+x) +f M (a)] and y n 
= [f in) (a+x)-f M (a)], we get, by lowering by unity the order of each 
derivative, 

*In order to emphasize the importance of finding such an expression for the remainder after n terms as will 
hold good for all integral values of m and approach as to approaches °°, and at the same time enable computers to 
determine absolutely in what cases the development holds, the proposer offers a prize of $10 for the best solution. 
Ed. F. 

tSee Annals of Mathematics, Second Series, Vol. 5, No. 4, July, 1904. 
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X ,[f M (a+o 2 x)-f^(a+o iX )-\, (4) 



(w + 1)! 1 
(w even) . 

Now develop f"(a-\-%) by (4), multiply the result by — (2a;V4!), and 
add to (4). In the resulting sum, (5), the term involving z% has been 
eliminated. 

0/y R „ /v»2 /y»4 /y»5 /v»6 /y»7 ah 8 

I «*/ J-r \ th t ?> •*/ ■* •*/ >K*v il'A' IK'*' 

= — 2/0+"2^1 ^3/2+.A.^4-i.5J-2B+TT.-gj-3/6-U.-Yf27+f.gJ-l/8 

-«.$».+ ... +^.j^y ] [f M (a+0 i x)-f^(a+0 3 x)-\ 

-j^yilf^ia+o^-f^ia+o.x)], (5) 

Bi being Bernoulli's first number, i. 

In a similar manner the term in (5) containing z h may be eliminated 

3a; 4 
by developing f w (a+x) by (4), multiplying result by H — ^- and adding to 

(5) . By continuing this process 1 we may eliminate as many z's as we please, 
except %\. Thus to eliminate z», z s , z 7 , z 9 , and z u , successively, the neces- 
sary multipliers are, respectively, 

2a; 8 . 3a;* _„ a£ , 21a; 8 , 90a; 1 " 
4! ' + 6! ' "^ ' 8! ' 10! ' 12! ' 

The result obtained by eliminating these five z's is found to be iden- 
tical with the formula given in the problem for the case m—1, up to and 
including the term containing B & , and may be thus written, 

n . x S, a; 2 B-iX 4 - B 3 x 6 

o=— »o +2J-Z1 — zrv* + ~£ry* — ory^ 

t — 8T~^ 8 — ioT"^ 10 "12T 

wnereit; l8 ^\ m 41111+ 6 !9! 3.8!7! + 10!5! 12! 3!/' U) 

the e's having some value between the greatest and least value of 
[f' i (a+0ix)-fHa+o 2 x)]. 
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Let Ta be positive and equal to the greatest numerical value which « 
may take. Then as 

,o,/l , 2.3, 20 21 90 \ _„ 41Av 

\13r 4!lir 6!9!^3.8! 7! 10! 5! + 12! 3!/ r,2 ~ *rirn*> 



4T« "l!^Jlu^ T 4?^' 1 



2> 



where the coefficient ofr 12 is obtained by changing all the negative signs in 
(7) to positive, substituting unity for each of the «'s and adding. 
If now 

\ m J' |_\ in/ my J l\ m ) my ,J \ m / my 

be developed successively by (6), simplifying each by the aid of the preced- 
ing, the result is identical with the formula given in the problem up to and 
including B 5 , and may be thus written, 

f(a+x) =f(a) + ^[/' (a+aO +f (a) +2(> (a +^-) + /' (a +%*) +... 
+/ (a +~ 1 x) )]-^W"(a+x) -/"(a)] +^[f*(a+x) -fHa)l 

~ m^^ {a+x) " fVi(a)] + &S [/Vlil(a+a;) "f^W 

By a close inspection of the method used to eliminate the« 3 , z h , z 7 , z 9 , 
and Zu from (4), we learn that the following formula may be generally 



Cs <)C 



(s-l) 



used to obtain the multiplier, ,'.. ,, which may be employed to eliminate 
z a after all the preceding z's except Zi have been eliminated, viz., 

_ qt 1 1 2 I 3 so 1 

U "^|_ (« -hi)! 4! (s-l).!^6! (8-8)! "'" ' 8! (s-5)! 



21 90 c s 

1 •" « 



]. 0) 



10! .(8-7)! 12! (8-9)! (s+l)!2 

which must hold for aW odd values of s except s—1. It can also be shown 
that when s is even, say In, (9) gives the value of ±B n according as n is odd 
or even. 
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After thus eliminating z 3 , z 5 , z n , z 9 , ... and z s from (4), and repeat- 
ing the process used to obtain (8) , we obtain a development which is iden- 
tical with the development up to and including the term containing B n where 

s— 1 
n —— =-. That this is true for all values of n follows from the fact that the 

two developments become identical when R—-0 for any value of n. 

Likewise by a method similar to that used to obtain R xi , we may ob- 
tain the value of i?( 2 «+2) . That method is: Find the sum of all the terms in 
(9) after making all negative signs positive, and after making s= (2% +2), 
observing that no new term is to be added. Calling this sum t^+z) we may 
write 

£<*.+» =±*o.+» [/ (2w+2) (a+o t x) -f^+v (a+0 2 x)], 

where both o L and 0- 2 have some value greater than zero and less than unity, 
but not the same value unless i?=0. 

The remainder after the term involving B n may therefore be expressed 
as follows: 

r (2w+2) f,„ . 

± m ^\(2n+2)l [f(2n+2) (a+ ^ x) - /(2W+2) <°+''*].* 

where the value of t(2n+2) must be computed for higher values of n than are 
here given, viz., 

4- _8 f 8 + — T48_ + 410 + ■•>- r Ii.l& f .1S40 Qri J J. — 541048 

£4 — \s> ie — t, is-'sz , <ao — 7¥"» Cis — _ 45F~> 114 — _ s > ana i s e — — ^ — . 

To obtain such higher values of t it is, of course, necessary first to find 
values of c 3 in (9) higher than the following, which were used to find the 
foregoing values of t, viz., 

C, = -2, c s =+3, c, = -^ f c 9 -=+21, c,i=-90, c 13 = + i ff L , andc ls =-3640. 

The foregoing proof is based on the assumption that all the deriva- 
tives are finite and continuous between the limits x=0 and x=x. 

It will be observed that the foregoing solution does not give the value 
of the remainder after the general term as required in the problem, the value 
of t not being given for more than the first few terms. In actual work the 
values of t here given are probably all that the computer needs. But, if not, 
higher values may be found without excessive labor in the manner given. 
This solution, therefore, places the formula given in the problem on a fairly 
satisfactory basis in so far as the needs of the computer are involved. 

As the Method of Approximation which the writer gave in the June- 
July, 1906, number of the Monthly is based on the formula of the problem, 

*The quantitity within the brackets cannot exceed twice the greatest variation of f^ n '^Ka+6x) for any 
single interval (x'm) as x increases from x=0 to x=x. 
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this solution will serve to determine the limits within which errors in results 
due to the dropping of higher terms must lie whenever it is possible to deter- 
mine the limits within which the value of the lowest dropped derivative lies. 

Note. Mr. Corey informs us that he did not succeed in obtaining a solution until a month after the problem 
was published, though he had repeatedly attempted to do so. Mr. Corey's solution is quite satisfactory so far as 
its use for practical computation is concerned, yet greater value would result were an expression found for the 
remainder after the general term. A prize of $10 is still offered by Mr. Corey for finding an expression for the 
remainder after the nth term. Ed. F. 

238. Proposed by FEOF. R. D. CARMICHAEL, Anniston, Ala. 



Solve the differential equations 

(a) (x+y 2 )dx+(x s + y)dy—0, 

(x+xy+y 2 )dx—(x 2 +xy—y)dy=0. 



(a) (a 
lb) (a 



Solution by GEORGE W. HARWELL, Columbia University, New York. 

(a) (x+y*)dx + (x 2 +y)dy=0. 
This equation can be written 

dx dy dx + dy _ xdy+ydx + dx+dy 

x 2 +y~ — x— y 2 ' " (x-y) (x+y— 1)~ (x—y)(xy-l) 

Multiplying both members by x—y, 

dx +dy xdy + ydx + dx+dy 

x+y—1 xy—1 

Clearing of fractions and transposing, 

(x+y— 1) (xdy + ydx) — (xy—1) (dx -\-dy) + (x+y— 1) (dx+dy) =0. 

Dividing by (x+y— I) 2 , 

(x+y— 1) (xdy+ydx) — (xy— 1) (dx + dy) , dx+dy _~ 
(x+y-1) 2 x+y-1 

Integrating, ~ — ^+\og(x+y— 1) =a. Multiplying by (x + y— 1), 
x~f~y ± 

xy-l+(x-\-y—l)log(x+y-l)—a(x+y—l). 

(b) (x+xy+y 2 )dx—(x 2 +xy—y)dy=0. 
This equation can be written 

dx _ dy _ . dx—dy _ xdx+ydy 

x 2 + xy—y y 2 +xy+x' " (x+y) (x—y— 1) (x+y) (x 2 +y 2 )' 

Multiplying by (x+y), — — f = ~ ? f a v . Integrating, 

jl> y x *k ~r y 
2\og(x—y—l)=\og(x'*+y 2 )+\oga; :. (x—y—l) 2 =a(x s +y 3 ). 

Also solved by G. B. M. Zerr. 



